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COHOMOLOGY OF UNISERIAL p-ADIC SPACE GROUPS WITH
CYCLIC POINT GROUP
OIHANA GARAIALDE OCAN˜A
Abstract. Let p be a fixed prime number and let R denote a uniserial p-adic space group
of dimension dx = (p−1)p
x−1 and with cyclic point group of order px. In this short note we
prove that all the quotients of R of size bigger than or equal to pdx+x have isomorphic mod
p cohomology groups. In particular, we show that the cohomology groups of sufficiently
large quotients of the unique maximal class pro-p group are isomorphic as Fp-modules.
1. Introduction
Let G be a p-group of order pn and nilpotency class m. Then, the coclass of G is n−m.
In [1], J. F. Carlson shows that there are finitely many isomorphism types of cohomology
algebras over the finite field F2 for 2-groups of fixed coclass. His proof uses Leedham-
Green’s classification theorem [6]. In the same paper [1], Carlson also conjectures that an
analogous result should hold for odd primes and he claims that one of the key steps is to
prove that all the quotients of the unique pro-p group of maximal class have isomorphic
cohomology algebras [1, Question 6.1]. In [2], the authors prove that there are finitely many
algebras realizing such cohomology groups [2, Proposition 5.7] while in [4], G. Ellis proves
that certain periodically constructed quotients of crystalographic groups have isomorphic
mod-p cohomology groups.
In this short note, we shall show that the cohomology of all ‘big enough’ quotients of the
unique pro-p group of maximal class are isomorphic as graded Fp-modules (see Proposition
2). In fact, we will prove that all ‘big enough’ quotients of uniserial p-adic space groups
with cyclic point group are isomorphic as graded Fp-modules.
More precisely, let G denote the standard uniserial p-adic space group of dimension
dx = (p− 1)p
x−1, that is, R is a pro-p group that fits into a split extension
0→ T → G→W (x)→ 1,
where T is the translation group
T :=
px−1
⊕ K :=
px−1
⊕ Zp−1p ,
and up to conjugation, W (x) is the iterated wreath product,
W (x) = Cp ≀
x−1︷ ︸︸ ︷
Cp ≀ · · · ≀ Cp .
called the point group of G.
Let P = 〈θ〉 ∼= Cpx be a subgroup of W (x) acting on T by restricting the action of W (x)
to the cycle θ = (1 . . . px). The action of θ on T is uniserial and for each i ≥ 0, there
exists a unique θ-invariant subgroup Ni ≤ T of index p
i+dx (see [6, Definition 4.2.10 and
Proposition 4.2.11]). This family of subgroups satisfy the following properties:
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(a) N0 = pT ,
(b) [θ,Ni] = Ni+1,
(c) Ni ⊂ Ni+1.
We shall use the following notation throuroght the manuscript.
Notation 1. Let R denote the uniserial p-adic space group with translation group T and
point group P = Cpx . Let Ti denote the quotient T/Ni, let Ri be the quotient group R/Ni
and analogously, let K0 denote the quotient K/pK. Note that K0 ∼= C
p−1
p and T0 ∼= C
dx
p .
Also, let nil(H∗(G;Fp)) denote the ideal generated by the nilpotent elements ofH
∗(G;Fp).
Then, the quotient H∗(G;Fp)/nil(H
∗(G;Fp)) is called the reduced (mod-p) cohomology and
it is written by H∗red(G;Fp).
We prove the following result.
Theorem 1. For all i ≥ 0, there is an isomorphism
H∗(Ri) ∼= H
∗(R0)
as graded Fp-modules.
2. Proof of the Theorem
Let G be the standard uniserial p-adic space group of dimension dx = p
x−1(p − 1) with
translation group T =
px−1
⊕ K :=
px−1
⊕ Zp−1p and point group
W (x) = Cp ≀
x−1︷ ︸︸ ︷
Cp ≀ · · · ≀ Cp .
Recall that the left-most copy of Cp acts via the companion matrix of the polynomial
yp−1+ yp−2+ · · ·+ y+1 and the remaining x− 1 copies of Cp act by permutation matrices
as Cp ≀ x−1. . . ≀ Cp is the Sylow p-subgroup of Σpx−1 [6]. Let P = 〈θ〉 ∼= Cpx be a subgroup of
W (x) acting on T by restricting the action of W (x) to the cycle θ = (1 . . . px). We shall
prove Theorem 1.
Proof. Let Y = Hom(K/pK,Fp) = Hom(K0,Fp). By abusing the notation, let Λ
∗(Y )
denote both the exterior algebra and the differential graded algebra equipped with the zero
differential. There is a morphism of differential graded modules
ϕo : Λ
∗(Y ) −→ C∗(K0;Fp),
described in [8, Page 7] or in [2, Section 5.1], that induces an isomorphism in the ideal of
nilpotent elements of the cohomology algebra H∗(K0;Fp) (see [2, Lemma 5.3]). Following
Notation 1 above and for all i ≥ 0, let
ϕi :
px−1
⊗ Λ∗(Y )→ C∗(Ti;Fp)
be a cochain map defined by the composition of the following morphisms:
px−1
⊗ Λ∗(Y )
⊗ϕo
→
px−1
⊗ C∗(K0;Fp)
η
→ C∗(T0;Fp)
inf
→ C∗(Ti;Fp),
where the inflation map inf is induced by considering the projections pii : Ti → T/pT and η
is the product in the Kunneth formula. Note that η induces an isomorphism in cohomology
since we are working over a filed [5, pages 18, 32] and that inf induces an isomorphism in
the ideal generated by the nilpotent elements. Thus, ϕi induces an isomorphism in the ideal
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generated by the nilpotent elements of H∗(Ti;Fp). Moreover, as inf is defined at the level
of groups, it is W (x)-invariant and by [2, Proposition 5.10] ⊗ϕo is also W (x)-invariant.
It remains to show that η is also W (x)-invariant. To that aim, we shall show that for
q = (a1, . . . , apx−1 , σ) ∈W (x), the following equality holds:
q · η(f)(z) = η(q · f)(z),
for f ∈
px−1
⊗ Cm(K0;Fp) and m ≥ 0. On the one hand,
η(q · f)(z) = η(q · (1⊗ · · · ⊗ fi ⊗ · · · ⊗ 1))(z0, . . . , zm)
= η(σ · (1⊗ · · · ⊗ pi · fi ⊗ · · · ⊗ 1))
= ai · fi(z0,σ(i), . . . , zm,σ(i))) = fi(a
−1
i z0,σ(i), . . . , a
−1
i zm,σ(i)).
On the other hand,
q · η(f)(z) = q · fi(z0,i, . . . , zm,i) = σ · ai · fi(z0,i, . . . , zm,i)
= σ · fi(a
−1
i z0,i, . . . , a
−1
i zm,i) = fi(a
−1
i z0,σ(i), . . . , a
−1
i zm,σ(i)).
Thus, η is also W (x)-invariant and hence, ϕi is W (x)-invariant.
Consider the Qp-vector space T˜ = T ⊗Zp Qp and notice that the action of W (x) on T
extends to T˜ . For all i ≥ 0, the group T˜i := T˜ /Ni is isomorphic to the dx-fold product of
the Pru¨ffer group Cdxp∞ = Cp∞ ×
dx
· · · × Cp∞, where Cp∞ is the direct limit of all the cyclic
groups Cpn . We define, for each i ≥ 0, a morphism of differential graded algebras
ψi : C
∗(T˜i,Fp) −→ C
∗(Ti,Fp),
induced by the natural inclusion Ti → T˜i. This cochain map commutes with W (x) and
gives an isomorphism in the reduced part of the cohomology ring (see [2, page 17]). Then,
the morphism
(1) ϕi ⊗ ψi :
px−1
⊗ Λ∗(Y )⊗ C∗(T˜i;Fp) −→ C
∗(Ti;Fp)⊗ C
∗(Ti;Fp)
∪
→ C∗(Ti;Fp),
is a W (x)-invariant quasi-isomorphism of differential graded Fp-modules. In particular,
ϕi ⊗ ψi is θ-invariant.
Finally, we shall show that there is a quasi-isomorphism between
px−1
⊗ Λ(Y )⊗ C∗(T˜i) and
px−1
⊗ Λ(Y )⊗ C∗(T˜i+1)
for all i, to prove the result. Define a map δ : T˜ → T˜ that sends an element a ∈ T˜ to
[a, θ] = aθa−1θ−1. Note that δ is an injective linear map between pdx -dimensional Qp-
vector spaces since θ acts uniserially and in particular, faithfully on T˜ . Hence, δ is an
isomorphism. Also, the equality
[θ, a]θ = [θ, aθ],
shows that δ is θ-invariant. Let δi denote the restriction of δ to Ti. Since δi(Ni) = [Ni, θ] =
Ni+1, there is a commutative diagram
(2) T˜

δ // T˜

T˜i
δ˜i // T˜i+1,
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where δ˜i is an isomorphism. Furthermore,
(3) id⊗ δ˜∗i :
px−1
⊗ Λ∗(Y )⊗ C∗(T˜i+1,Fp) −→
px−1
⊗ Λ∗(Y )⊗ C∗(T˜i,Fp),
is an isomorphism of differential graded modules that commutes with the action of θ. Ap-
plying [2, Lemma 2.1] in the following diagram
px−1
⊗ Λ(Y )⊗C∗(T˜i;Fp)
ϕi⊗ψi // C∗(Ti;Fp)
px−1
⊗ Λ(Y )⊗ C∗(T˜i+1;Fp)
id⊗δ∗i
OO
ϕi+1⊗ψi+1 // C∗(Ti+1;Fp)
where all the maps are θ-invariant, we obtain that for all i ≥ 0,
H∗(Ri) ∼= H
∗(Ri+1)
as graded Fp-modules. 
In particular, if dx = p−1, then R is the unique pro-p group of maximal nilpotency class.
That is, R = Zp−1p ⋊ Cp where Cp acts on Z
p−1
p via the matrix
(4) M =


1 0 · · · 0 −
(
p
1
)
1 1 · · · 0 −
(
p
2
)
0 1 · · · 0 −
(
p
3
)
...
...
...
...
0 0 · · · 1 1−
(
p
p−1
)

 ∈ GLp−1(Z).
An explicit construction of R can be obtained as follows: Let θ be a primitive pth root of
unity and let Qp[θ] be the p
th local cyclotomic field with ring of integers Zp[θ]. Consider the
semi-direct product Cp⋉Zp[θ], where the generator x of Cp acts on Zp[θ] by multiplication
by θ. Here, Zp[θ] is a Zp-module of rank p− 1. This action extends to the Qp-vector space
Qp[θ]. We claim that Cp ⋉ Zp[θ] is the pro-p group of maximal nilpotency class. That is,
Cp ⋉ Zp[θ] is a uniserial p-adic space group of coclass one. We shall show that there exists
a Cp-invariant filtration {Ti}i∈Z such that |Ti : Ti+1| = p and pTi = Ti+p−1 for all i ≥ 1.
Let a ∈ Qp[θ] and x ∈ Cp. Then,
(5) x · a = θa = (1 + θ − 1)a = a+ (θ − 1)a.
Since the minimal polynomial for θ is (Xp − 1)/(X − 1), it follows that the minimal poly-
nomial for θ − 1 is
(6)
((X + 1)p − 1)
X
= Xp−1 +
(
p
1
)
Xp−2 + . . .+
(
p
p− 2
)
X +
(
p
p− 1
)
,
and the companion matrix for 1− θ is the following one
(7)


0 0 · · · 0 −
(
p
1
)
1 0 · · · 0 −
(
p
2
)
0 1 · · · 0 −
(
p
3
)
...
...
...
...
0 0 · · · 1 −
(
p
p−1
)

 ∈ GLp−1(Z).
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This combined with (5) yields that the action of θ is given by the matrix
(8) M =


1 0 · · · 0 −
(
p
1
)
1 1 · · · 0 −
(
p
2
)
0 1 · · · 0 −
(
p
3
)
...
...
...
...
0 0 · · · 1 1−
(
p
p−1
)

 ∈ GLp−1(Z),
for an appropriate basis of Qp[θ].
Consider the ideal p = (θ) and construct a chain of ideals
p ⊃ p2 ⊃ · · · ⊃ pi ⊃ . . . ,
where |pi : pi+1| = p for all i ≥ 1. It is readily checked that each pi is (θ− 1)-invariant and
in particular, θ-invariant. Moreover, using the relation
(θ − 1)p−1 = −
(
p
1
)
(θ − 1)p−2 − . . .−
(
p
p− 2
)
(θ − 1)−
(
p
p− 1
)
,
obtained from Equation (6), we have that ppi = pi+p−1 for all i ≥ 1. Then, Ti = p
i gives
the uniserial filtration.
Hence, 〈θ〉 acts uniserially on Qp[θ] and on Zp[θ] and thus, Zp[θ]⋊Cp is the unique pro-p
group of maximal nilpotency class. In fact, for all i ∈ Z the semidirect product 〈θ〉⋉ Ti is
also the unique maximal class pro-p group and for each n ≥ 1, T−n/T0 ⋊ 〈θ〉 is the unique
quotient of T0 ⋊ Cp of size p
n+1. Now, [2, Proposition 5.8] gives the following result.
Proposition 2. For all n ≥ p− 1, there is an isomorphism of graded Fp-modules
H∗(T−n/T0 ⋊ 〈θ〉,Fp) ∼= H
∗(T−p+1/T0 ⋊ 〈θ〉,Fp).
More generally, let ζ denote a (px)th root of unity and let ζ act on Qp[ζ] by multiplication
by ζ. Then, it can be shown that Qp[ζ]⋊ 〈ζ〉 is a uniserial p-adic space group of dimension
(p − 1)px [6]. The next result shows that Zp[ζ] → Zp[ζ] ⋊ Cpx → Cpx and the uniserial
p-adic space group with cyclic point group T → R→ P = Cpx are isomorphic.
Lemma 3. There exists a unique uniserial p-adic space group with cyclic point group.
Proof. We start by showing that the extension T → R
pi
→ Cpx splits. Let s = pi
−1 denote a
section for the extension. It suffices to show that pi ◦ s = idCpx holds. Let 〈θ〉 := Cpx and
put η := s(θ) with 〈η〉 ≤ G. Note that pi(ηp
x
) = θp
x
= 1 and thus, 〈ηp
x
〉 ≤ T .
It is readily checked that ηp
x
commutes with θ and thus, 〈ηp
x
〉EG. Now, by [6, Theorem
7.4.2] and [7, Lemma 8.1], R is just infinite. That is, the non-trivial normal subgroups have
finite index in R. Hence, 〈ηp
x
〉 = {1} and thus, s is a homomorphism such that pi◦s = idCpx
holds.
It remains to show that the split extension R = T ⋊Cpx is unique. Note that the faithful
irreducible complex representations of Cpx are given by x → θ
i with 0 ≤ i < px, where
θ denotes a primitive (px)th root of unity. Since Qp contains no p
th roots of unity, there
is a unique faithful irreducible representation of Cpx over Qp [6, Theorem 10.1.13] and its
minimum polynomial of θ over Qp is the cyclotomic polynomial
Φ(x) = x(p−1)p
x−1
+ · · · + 1,
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which has degree (p−1)px−1. Equivalently, T˜ is the unique indecomposable Qp[Cpx ]-module
of rank (p − 1)px. In particular, R = T ⋊ Cpx is the unique uniserial p-adic space group of
dimension (p− 1)px with cyclic point group. 
Example 4. Let G = (Z3 × Z3)⋊C3 denote the pro-3 group of maximal nilpotency class,
where C3 acts via the integral matrix,
(9) M =
(
1 −3
1 −2
)
∈ GL2(Z).
Let {B(3, r)}r≥3 denote the family of 3-groups of maximal class obtained by taking quotients
of G described in [3, Appendix A]. Then, B(3, r) fit into the extensions
(Ck3 × C
k
3 )⋊ C3 or (C
k
3 × C
k−1
3 )⋊C3,
if r = 2k + 1 or r = 2k, respectively. By Proposition 2, there is an isomorphism of F3-
modules
H∗(B(3, 3);F3) ∼= H
∗(B(3, r);F3),
for all r ≥ 3.
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